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TURKIYE

ABSTRACT. In this paper, we consider a generalization of a regular Tribonacci
matrix for two variables and show that it can be factorized by some special
matrices. We produce several new interesting identities and find an explicit
formula for the inverse and k—th power. We also give a relation between the
matrix and a matrix exponential of a special matrix.

1. INTRODUCTION

Integer sequences are widely used in many areas such as physics, engineering, arts
and nature. There have been several studies in the literature that concern about
the second order integer sequences and their generalizations such as Fibonacci, Lu-
cas, Pell and Jacobsthal, see [8]/9}|11}{13}[17]. Horadam interested in the generalized
Fibonacci sequence {W,,(a, b; p, ¢) }n>0, where a, b are nonnegative integers and p, g
are arbitrary integers, and studied some properties of the sequence, see [11}/12].
Another generalization of the Fibonacci sequence is called as the Tribonacci se-
quence. The Tribonacci sequence is the most familiar series of numbers obtained
by generalizing Fibonacci sequence as orders.

For n > 0, we use the following definition of the sequence of Tribonacci numbers
which is given by third order recurrence relation

tn+3 = tn+2 + tn+1 + tn
with initial conditions
to=t1 =1, to=2.

The first few terms of the Tribonacci numbers are given in Table [I]
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n|0l12|3|4| 5| 6| 7 8| 9| 10| 11| 12
tn | 111247132444 |81 | 149 | 274 | 504 | 927

TABLE 1. The first few terms of the Tribonacci sequence

The characteristic polynomial 22 — 22 — 2 — 1 = 0 of the third order Tribonacci
recurrence has a unique real root of maximum modulus and this is

lim t’;“ ~ 1.83929,

n—0o0 n

the Tribonacci constant, see [21]. Many researchers studied some properties of the
Tribonacci sequence, see [4H6,/10L(15L20}22,|23}[25].
A matrix T,, of order n + 1 with entries

2t . .
b JEmremr H0s7 < Q)
i, — .

! 0, otherwise.

is defined in [26] and the Tribonacci space sequences ¢,(T") are introduced. For
n = 4, the matrix T, will look as follows

T

S —ool ol
GilFooims o= ©
Sloslmvi- © ©
Sl o o o
ShNo oo o

Definition 1. A square matriz R is reqular if and only if R is a stochastic matrix
and some power R*, for k > 1, has all entries nonzero.

Thus from the definition of the regular matrix, we obtain that the matrix defined
in is a regular matrix.

Inspiring by this study, we define a two variable generalization of the matrix given
in and obtain several interesting new properties. We are also interested in matrix
factorization of the defined matrix which is a method of representing a matrix as a
product of some matrices. There are various types of matrix factorizations such as
singular value decomposition, LU factorization, Cholesky factorization, etc. This
method is used to simplify calculations, especially in solving a problem that is
difficult to solve in its original form. Several authors are interested in matrix
factorizations of some special matrices, see |1L[2}(7.|18}|19L/27].
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2. A GENERALIZATION OF THE REGULAR TRIBONACCI MATRIX

In this section, we give a generalization of the matrix defined in . We define
a matrix T, (z,y) = [t;,;j(z, y)] of order n + 1 with entries

2t PR o
bi(yy) = 4 Braraet? YOS TS,
o 0, otherwise.

Thus for n = 4, the matrix will look as follows

1 0 0 0 0

%x %y 0 0 0

T4(x,y): %xz %ny 1%3/22 103 0
P A, 2

Y BTY BTY BT 15Y

We will denote the (4, j) entry of this matrix as (T, (z,y));,;. It is easy to see that
when z or y is zero, t; j(z, y) will be trivial. Therefore we generally assume that x
and y in T;,(x, y) are non-zero real numbers. It is clear that for + = y = 1 we have

tij(1,1) =ti;

and so in this case we obtain the regular Tribonacci matrix (1f).

2.1. Multiplication of two Tribonacci matrices. The Tribonacci matrix T, (z,y)
has some interesting properties and applications. Thus we give some of these prop-
erties now. For n,j € N, we define

n
@®Y)) = trpjrriz" Y.
k=0

Theorem 1. For any positive integer n and any real numbers x, y, z and w, we
have

(T ) Tuw.2) = (L@@ yw);.v2)) (2)
Proof. From the definition of the matrix T},(z,y) and the rules of the matrix mul-
tiplication, the (7,7) entry of T),(z,y)T,(w,2) is 0 for j > 4. For j < i it can be
obtained as
i i
21, i—k, k 2t; k—j j
123 ) 1% ) = ! 127
D S e e e T

)

Livo+t;—1 P toyo +t — 1

i
= ti,jg tk,kxi_kykwk_jzj
k=j
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)

ok Rk

= tij g trghag a0y w2
k=0

i
tig (W2l Y terjrrrt T T (yw)®
k=0

= t(z® yw);fj(yz)j

This is also the (i, ) entry of T, ((z & yw);,yz), so equation (2) holds. O
For w =z and z = y in (2), we

(T3 (2, 9)ig = Tn (2(1 ©1);,5°)

Using formula again, multiplying T2 (z,y) and T, (x,y), we get

(TR y)ig = Tn (z(l &y B y?);,y°)

Then using the mathematical induction method, the following results can be ob-
tained.

g

0j

(T (,9)ig = To (z(l@y @By 105, .

2.2. The inverse of the matrix T,,(z,y). The inverse of the Tribonacci matrix
T, (z,y) is given by the following theorem.

Theorem 2. The (i,j)—entry of the inverse of the matriz Ty, (x,y) is

tiyotti—1 U
R TR ifi=j,
-y o= (tigotti—1—2t)z .o . .
(Tn(x7y) )l,] =\ " 2y 'sz_]+1’
0, otherwise.

Proof. By straightforward computation of matrix multiplication, we get the desired
result. O

2.3. The factorization of the Tribonacci matrix. We define the matrices of
order n + 1 with the following entries

(Su(@y)i; = tig (@ )ty o (@y) +tiga (e, y)ty o (2,y) 0>,
e 0 i<,
= 1 0
Tnfl(may) - [0 Tn—l(x,y):| ) n 2 17

In_k—1 0
= = <k<n-1.
Gn Sn, Gr(z,y) { 0 Se(z,)| 1<k<n-1

Let us consider the product of the matrices T),(z,y) and T;il(x,y). Here we

represent the (i,7) entry of the matrices T, !(z,y) and T;il(x, y) as ti_d»l(x, y) and
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t; ; (z,y), respectively. From the definitions of the matrices, the (i,7) entry of

T, (z,y)T, ", (z,y) for i < j equals 0 and for i > , we have

) 7
1 _
E ti,k(xay)tk,j(xay) = § ti,k(zyy)tk_l1,j_1(zay)~

k=j

3)

k=j
Then it can be seen that the term of the sum is nonzero only for k —1 =35 —1

and k —1 =7, that is, for k = j and k = j + 1. Thus
Z t’i,k(gjv y)t];_le_l(Iv y) t?,](z7 y)tj_—ll,j—l(x7 y) + ti,j-l-l(xv y)t;Jl—l(z7 y)

k=j
Therefore we obtained the following result.

Lemma 1. For any positive integer n and any real numbers x and y, we have

Tn(x’ y) = Sn(l‘vy)Tn—l('% y)

Example 1.
S5(x,y)T4(9:,y)
r 11 10 0 0 0 0 1 0 0 0 0 0
le 1y 0 0 0 0 01 0 0 0 0
122 —lay y o0 0 0 0 §w2 2Y 02 0 0
= | a® -ty 0 oy 0 0 0 gz %iy %92 0. 0
1—159:4 —1—159:3;1/ 0 Ltaxy 1y 0 0 %zs gr’y gy %y.} 0
L5 1.4 12 3 195 0 Lt Lady 2a2y? Aay® Tyt
| 552 —355% Y 0 5527y —55%Y Tgg¥ 15 52Y 5%Y 15TY 15Y
[ 1 0 0 0 0 0
1 1
R A S S G
= %x:a 1zx2y 1§y 2 103 0 0
?1‘4 ?m 3y QZl‘Qy 2 4§y 3 70 4 0
L2s® 28T Y vy 7Y Y Ry

=Ts (.T, y)
Using Lemma [1| and the definition of the matrices Gy (z,y), we present the de-

composition of T, (x,y) in the following.

Theorem 3. The matriz T, (x,y) can be factorized as
Tn(xa y) = Gn(xa y)Gn—l(xa y) T Gl(‘ra y)

In particular,
T, = Gnanl s 'le
where T, :=T,(1,1), G, := Gi(1,1), k=1,2,...,n.

For the inverse of the matrix T,,(x,y), we get
Tn_l(w7y) = Gfl(my)G;l(x,y) e G;1($7y)‘
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Example 2. Since

1 0 0 0 0 0
T 3y 0 0 0 0
La2 imy %y2 0 0 0
Ts5(v,y) = 13 Loy Lgy? Lyp 0 '
1§5 4 lisxgy 1725x2y2 ?Z‘yg %%y4 0
2% x5 %l“ly 17143:3y2 7x2y3 gmy4 %y5
we can factorize this matriz as
Gs(z,y)Ga(z,y)Gs(r,y)Ga(z,y)G1 (7, y) =
! 0 0 0 0 0 1 0 0 0 0 0
ix %y 0 0 0 0|0 1 0 0 0 0
%xQ -3y oy 0 0 0 0 iz %y 0 0 0
§x3 —%ﬁy 0 Y 0 0 0 %xg -1y Y 0 0
?xi _Tlsxiy 0 i%ny % 1905 0 §x34 %-7933/ 0 1y 14(1)
[287” —257Y 0 5577y —g557Y 156¥] [0 1377 —37Y 0 Iy 15y
1 0 o0 0 0 0]t o 0 0O 0 0]t o000 0 O
01 0 0 0 0offo 1 0 o0 0 o[l0o 100 0 O
00 1 0 0 0offo 01 o0 0 O0[[00o1 0 0 O
00 iz %y 0 0o/|o 00 1 0 o0[|jo o0 1 0 O
OO%xz—nyyOOOO%x%OOOOOIO
0 0 gz® —iz%y 0 y[ [0 0 0 J2* —wy y| |0 0 0 O iz 3y

3. SOME APPLICATIONS OF THE MATRIX T}, (z,y)

In this section, we give some applications of the defined matrix T, (z,y). Firstly,
we present a relation between the matrices T,,(z, ay) and T, (x, —y) for a nonzero
real number a.

Theorem 4. For a nonzero real number a, the matrices T, (x,ay) and T, (x, —y)
satisfy the following
~1
Tn (xa g) = Tn(l‘, _y)ilTn(l‘a ay)Tn(x, _y)il'
a

Proof. The proof can be done easily by definition of the matrices and matrix mul-

tiplication. O

We give another factorization of the matrices T),(z,y) and T, (—x,y) where the
variables x and y are separated from these matrices.

Theorem 5. Let D, (z) := diag{1,x,2%,...,2"} be a diagonal matriz. For any
positive integer k and any non-zero real numbers x and y, we have

Ti(x,y) = Di(2)Tr(1,1) D (z/y),
Ty(—2,y) = Dy(2)Te(—1,1) D (z/y).
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Remark 1. The entries of the matriz T,,(z,y) can be separated by the indices, that
is for i > j

%

2t S T Yy\J
Te) =i E (0,
(n( y) i,j tivo+1t;, —1 y tigo+1t; —1 A v
where
i J
a; = .237 and bj =2tj(g) .
ti+2+ti—1 x

In [19], the authors give some properties of such matrices. The related results
provide the alternative proofs for Theorem[9 and Theorem [3|.

Theorem 6. Let K, (z,y) = [ki ;] be a matriz with entries k; ; = t;' "y and D,
be a diagonal matriz with diagonal entries

1. 2 2
{17 2 P Tiyotti—10 3 tn+2+tn,—1}' Then we have

T, (z,y) = D, Ky (z,y).

Proof. Multiplying T}, (x,y) from the left with the diagonal matrix with entries

{1,2,---, ti”‘gt"_l AR t””'gt"_l }, we get clearly the matrix K, (x,y). Hence the

result follows. O

Example 3. Forn =5, we have

1 0 0 0 0 0
%x %y 0 0 0 0
Ty(x, y) %xz %xy %y2 0 0 0
5\4s = 3 1.2 1 2 1,3
VT A A PR L
L2s " 28% Y 1Y FTYS 3rTY 3RY
1 o 0o 0o o O][1 o 0 0 0 0
05 00 0 Offz y 0 0 0 0
o0 F 0 0 o0f |2 ay 2 0 0 0
T 100 0 £ 0 0f |2® 2%y 2z 4y 0 0
1 4 3 2,2 3 4
00 0 0 i+ O x* xly 2z‘yt  dxy Ty 0
00 0 0 0 55 [2° 2ty 20%% 4a%y® Tay' 13y°
L 8] [T7 TY 22y 7Y Ty Y

Now, we present a matrix whose Cholesky factorization includes the matrix
T,.(1,1). First, we need the following result.

Lemma 2 ( [16]). For n >0, the Tribonacci numbers t,, satisfy

" At ptpag — (a1 — tno1)2 + 1
Zti: nln+1 (n-z n-1)"+ ' (4)
k=1
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Theorem 7. A matriz Q, = [¢; ;] with entries

S Atpterr — (b1 — te—1)? + 1
Y (tive = 1) (e + 5 — 1)

where k = min{i,j}, is a symmetric matriz and its Cholesky factorization is
T.(1, )T, (1,1)T.
Proof. Since

P dtptipr—(tep1—te—1)>+1 _ Ca
I T (i tti— 1)ttt —1) T DY

Qp is symmetric. Now, we will show that @, = T, (1,1)T,(1,1)7. By matrix
multiplication,

n n 2ty 2ty
T, (1,0, (1,101 = tiptin =
(L DTa (1, 1) I;J’kj’k kZ:Oti+2+ti—1tj+2+tj—1

4 =,
= 2.
(tivz +ti — 1)(tjr2 +1; — 1) kzzo g
The proof is completed by substituting (4) in the last equation. O

In the last part of this section, we will give a relation between the matrix T, (x, y)
and the exponential of a special matrix. Matrix exponentials are defined by simply
plugging matrices into the usual Maclaurin series for the exponential function. In
other words, for any square matrix M, the exponential of M is defined to be the
matrix

2 3 E
eM=I+M+%+%+-~-+%+---

For any square matrix M, we have the following result:

Theorem 8 ( [3,24]).

(i) For any numbers r and s, we have e" )M =
(i) (eM)=t=e M,

€TM€SM.

(iii) By taking the derivative with respect to = of each entry of eM®, we get the
matriz %er = MeMz,

Definition 2. The matriz M, = [m; ;] is defined by

m:{ heraioe g

0, otherwise.

M,z

We want to obtain a relation between T,,(z,y) and e , SO we prove the fol-

lowing auxiliary result.
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Lemma 3. For every nonnegative integer k, the entries of the matriz M* are given
by

t; .
(Mylf)i,j — Tia ZfZ*].‘i“ ka
0, otherwise.

Proof. The proof will be done by induction on k. The case k = 0 follows straight-
forward. Let us assume the inductive hypothesis on M+ = M, MF. Tt is not hard
to see for i # j + k+1, (MFH1); ; =0. For i = j + k + 1, we have

(MY, = ticn tj vk bt
= = = )
Tt bk Lirkr Gk birka

Theorem 9. Forn € N and x € R, we have

(T (0, 1) T (2, 1))ig = (i = H)NeM®)i .

Proof. Suppose that there is a matrix L, such that (75,(0,1) T, (2, 1));; = (i —
J)(el®); ;. Then we have

%(TH(O’ 1)71TTL(1‘7 1))i,j = Ln(Z - j)!(eLnx)’i,j = Ln(Tn(O7 1)71Tn(xv 1))i,j

and so
i(T (0,1) ' (2,1))ij lo—o=L
dx n\Y, n\+4, i,j l[e=0—" Ln-
Thus there is at most one matrix L, such that (75,(0,1)7 T} (2,1))i; = (i —
) (eln®); ;. Tt can be easily seen that L = M,, where M, is the matrix given
in Definition [2, by calculating -&(7,,(0,1)"'T,(z,1))i; |s=0. We conclude that
MPF =0 for k > n+ 1, thus
n k
— kT
e = Z M, R

k=0

For i < j, we see that (eM"®); ; = 0 and we also have (e™"®); ; = 1. Now, suppose
that ¢ > j and let i = j + k.

M,z k ak tj ak 1 -1
(e )i = (Mn)i,jg T E(Tn(O, D™ To(z,1))i -
Lt k! !

Hence the proof is completed. (Il
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d
each entry of the matriz Ts(0,1)~1T5(x, 1) with respect to x. Thus
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dx

Example 4. We obtain the matriz
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)

0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O

0 00 0O
0 00 0O
0 00 0O
0 00 0O
0 00 0O

| | -~
— cocoococoo
coocococo i
co oo on® -
e T S ococococo oo ooo
o oo o-Ri © oo oo coccobco D000 OoO
oo oD O o
m2$ 77B 771
S o omao o o cococoo X
©C o OO O e
|~
S o, o-ococoo X
o O I
o~ I ~HI~ —le
1N cocooco X o
<~
$234$ ﬁ e
01,21,23%% Y — X
enlcoshan| g - e o OO oD
_ 1 -
g coo XxXoo X
__ /HO\ —ey —l
— T
! 8
xa did o iallal
— — oo x oo o X
~ N — OO OO O
— — I —
| = X
—~~
= S 2__ _ — .
=) &~ M5
= I
0 I
T o elYe)
SR | =
=

Hence we have

and
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Let M, be the matrix defined in and U, (z) = eM»*. At the end of this sec-
tion, we will find the explicit inverse of the matrix
R, (z) = [I, — AU, (z)] ! for real number A such that | A |< 1. To achieve this, we
need the following result.

Lemma 4 ( [14], Corollary 5.6.16). A matriz A of order n is nonsingular if there

is a matriz norm || - || such that ||I — A|| < 1. If this condition is satisfied,
AT =3 (T - A
k=0

Theorem 10. The matriz R, (x) is defined for real number X such that | A |< 1.
The entries of the matriz are

and
(Bn(2))ij = (Un(@))i;Lij—i(A)
for i > j, where £i,(2) is the polylogarithm function

Lin(z) = o
k=1
Proof. The statement in Lemma |4 is equivalent to: If || - || is a matrix norm

and if ||A]] < 1 for a square matrix of order n, then I — A is invertible and
(I—A)~1 =372, A Then for |A| < 1, we can write

(oo} (oo} (oo}
(Rn(@))ij = > _(Un(@)* N =Y (Un(ak))i jA" = (Un(@))i; Y A
k=0 k=0 k=0
We obtain the desired result by writing the sum for i = j and i > j. (]
Example 5.
A 0 0 0 O
T A 0 0 0
Iy — NUy(z) = I — %sz iz A 0 0
Lard a2 i A0
214 A 4 %)\ 3 12>\ 2 4)\ A
Te8 M A gATT gAT
1—A 0 0 0 0
—xA 1-A 0 0 0
= | —1x?  —Ixz  1-2) 0 0
—i/\x3 —z?2 —Ixz 1-2)\ 0
24
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The inverse of this matriz equals

1
= (1) 0 0 0
EESVER = 0 0 0
1A% 2 1A 1
R CESYERY 21— )21' - ,\ 0 0
1A +4>\2+/\x3 1A% A o 1 2 1 0
24 (1-X)1 8&1 PR 2(1 >\)2 1-X
LA4+11>\3+11>\2+/\ 4 1A +4>\2+/\x3 1 A% 42, 1
168 (1=x)5 127 (1-N)3 7 (1=N)3 7 aA—N)2 T—X
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